We consider the approximation of an optimal control problem for linear parabolic PDEs using POD-MOR. The time instances (snapshot locations) are determined by an aposteriori error control concept which is based on a reformulation of the optimality system of the underlying optimal control problem as a second-order in time and fourthorder in space elliptic system which is approximated by a space-time finite element method. We extend the framework to the model predictive control context in order to determine suitable prediction horizons.
Introduction
We consider the approximation of an optimal control problem for linear parabolic PDEs using POD-MOR. The time instances (snapshot locations) are determined by an aposteriori error control concept which is based on a reformulation of the optimality system of the underlying optimal control problem as a second-order in time and fourthorder in space elliptic system which is approximated by a space-time finite element method. We extend the framework to the model predictive control context in order to determine suitable prediction horizons.
Optimal control problem and reformulation
Given is a linear quadratic optimal control problem, where the optimization goal is determined by: min
The associated optimality system is given by (1) together with
We rewrite the optimality system as a second-order in time and fourth-order in space elliptic equation. This can be done w.r.t. (i) the state y and (ii) the adjoint state p:
Temporal residual type a-posteriori error estimation for (i) y and (ii) p:
Numerical strategy and results
1. Solve (i) and / or (ii) utilizing a temporal a-posteriori error estimation on a coarse spatial grid. Outcome: → Obtain information about possible time points for snapshots which are suitable w.r.t. (i) the state and / or (ii) the adjoint state / control. → Obtain an approximation of the optimal control on a coarse spatial resolution. 2. Use this control to generate the snapshots by a full simulation.
3. Set up and solve the POD reduced-order model on the time-adaptive grid. Adaptive space-time grid on a coarse spatial resolution which displays snapshot locations which are suitable w.r.t. the state y. Temporal and spatial discretization decouple (left). Analytical optimal state (middle left), POD approximation computed on an equidistant time grid (middle right), POD approximation computed utilizing the time-adaptive grid (right).
Model predictive control (MPC)
Illustration of model predictive control [Grüne, Pannek, 2017] For each iteration in the MPC algorithm the finite time horizon open loop problem is solved by a POD reduced-order strategy. 
Introduction
We investigate POD-Galerkin model order reduction utilizing snapshots which are generated using space-adapted finite elements. In order to construct a POD basis, we consider the snapshot gramian from a continuous perspective, which allows an explicit assembly, e.g. without the necessity of interpolating the snapshots into a common finite element space. This allows great flexibility concerning the spatial discretization of the snapshots. The inclusion of spatial adaptivity leads to large speedup factors w.r.t. the snapshot generation. We extend the framework to the context of unsteady incompressible flow problems, where we propose two approaches of deriving a stable reduced-order model.
POD for space-adapted snapshots
Given are snapshots y 
where X ⊇ V is a Hilbert space and {α j } n j=1 are non-negative weights. We consider the snapshot gramian K with entries
, y j X . This matrix can be assembled explicitly and allows to set up a POD reduced-order model utilizing its eigenvalues λ i and eigenvectors φ i for
Numerical results Approach 2 (Velocity-Pressure-ROM): For the velocity and the pressure we compute POD spaces V = span{ψ 1 , . . . , ψ } and Q = span{φ 1 , . . . , φ }. We enrich the velocity POD space with pressure supremizers: V = span{ψ 1 , . . . , ψ , Tφ 1 , . . . , Tφ } with (Tφ i , v)Ṽ = b(v, φ i ) ∀v ∈Ṽ , so that the reduced-order model becomes inf-sup stable [Rozza, Veroy, 2007] .
